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From string theory to field theory

Focus on scattering of massless external states.

Field theory limit is o/ — 0.

Powerful tool, e.g. first 1-loop results in ' =4 SYM, N' = 8 SUGRA.

[Green, Schwarz, Brink 82’]
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From string theory to field theory

Focus on scattering of massless external states.

Field theory limit is o’ — 0.

Powerful tool, e.g. first 1-loop results in ' =4 SYM, N' = 8 SUGRA.

[Green, Schwarz, Brink 82’]
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Converse: from field theory back to string theory?
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Tree-level type II superstring amplitude

Factorisable external states, e.g. €., = €uéu. [Mafra, Schlotterer, Sticberger 11°]
A(O) :a/n72/ 4(12”0 N(17p(2)77p(n H‘ u kg kj
Mo, VOISL(2,C) || £~ 01p2)05(2)p(3) - - Tp(n— 1)n0n1 i

Oij = 0; — 0y N(&L)H./\/'(fl)
e Simple dependence on stringy .

e Numerators N are field-theory “BCJ numerators”.

[Bern, Carrasco, Johansson 08’]
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Tree-level type II superstring amplitude

Factorisable external states, e.g. €., = €uéu. [Mafra, Schlotterer, Sticberger 11°]
2
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Mo.n vol SL(2, (C) pESm s T1p(2)0p(2)p(3) -+ - Op(n—1)nOnl i<j

Oij = 0; — 0y N(&L)HN(&:Z)
e Simple dependence on stringy .

e Numerators N are field-theory “BCJ numerators”.

[Bern, Carrasco, Johansson 08’]

40 _ Z Na'(Ei)Na(§¢)+O(a/3)
n D,

o’ Ecubic

Is (perturbative) string theory just an o’-dressed field theory?
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Tree-level type II superstring amplitude

Factorisable external states, e.g. gp,,, = Ep,é:y. [Mafra, Schlotterer, Stieberger 11°]
2
A(O) _a/n—2/ d2ng N(lzp(2)7ap(n_ 1)’”‘) H‘O’"lalki.kj
n - 1]
Mo, VOISL(2,C) || £~ 01p(2)00(2)p(3) -+ Tp(n—1)nOn1 | ;=

Oij = 0; — 0y N(&Z)HN(@)
e Simple dependence on stringy o'

e Numerators A are field-theory “BCJ numerators”.

[Bern, Carrasco, Johansson 08’]

VOEESS Na'(Ei)/\/u(fi)+O(a/3)
n Da

a’ Ecubic

Is (perturbative) string theory just an o’-dressed field theory?

This talk: 1 loop any multiplicity (caveat for n > 16)
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1-loop type II superstring amplitude

Chiral Sphttlng [D’Hoker, Phong,...]
ALY =o/"/d1°e/ d27-/ APz ... d*z, |T,|* |KN, 2
F Tn—1

/ n
KNn:eXp% Z ki~kj11101(2:7;j,7')+2i7r£~Zijj +i7T7'€2

1<i<j<n j=1

Goal: construct chiral integrand Z,,

. [builds on Green, Schwarz, Brink; Mafra, Schlotterer, Stieberger;
e modular Welght: n—4 Cachazo, He, Yuan; Geyer, Mason, Monteiro; Tourkine, Vanhove;
Adamo, Casali, Skinner; Mizera; Stark-Muchao)
. . . l—=l—k; __
o monodromy invariant: Z,[ " =T,

o matches field theory (o' — 0): 7 — ioc

T—100
LN
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Construct chiral integrand Z,

@ Modular invariance: ansatz of weight n — 4

object weight
2mil,, 1
9" (zi — z) w
Gak (1), (K > 1) 2K

. 0700, 7)01(2+ 0, 7) SN o1 (m) (2K)
Flz,a,7)i= ———————————= ¢ z, , Gaog = — 0,
(sy07) o= H TR = ST 0 g™ e r), Gan(n) = —0* 0 0,7)

m=0

l—l—k; T
n

e Monodromy invariance: Z, |, ", " = (9(®) transform)
iz

e Matches field theory (7 — i00):

d"o N(p(l),p(Z),”' 7/)(”); e)
Jim T Hdz’ ~ VolSL(2,C) pez

e N(...;{) are n-gon BCJ numerators for 10D SYM

S T Ho()Tp(1)p(2)Tp(2)p(3) ** Tp(m)—O—+
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Basic examples

o n =4 (weight 0)
ST from FT: Ty = N(1,2,3,4:0) = ts(f1. fo, fs, fa), 2 =kle” j:[

o n=>5 (weight 1) 1 4
ST: Iy =27 Ogé‘u + Zi<j Cs7ijg£;>

1
FT: N(l, 2, 3, 4, 5,£) = Cg(}i - 5 Zi<j 0577',]' (fI‘OIIl 1-5|7-—>z'oo)

ST from FT: CE = N(...)|pn, Csi5=—=N(...[i,j]...)
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Basic examples

o n =4 (weight 0)
ST from FT: Ty = N(1,2,3,4:0) = ts(f1, fo, f3, f1), [1 = ke ]:[

o n=>5 (weight 1) 1 4
ST: Is = 27 C¥4y + X, Cs.159)))

1
FT: N(l, 2, 3, 4, 5€) = Cgéu — 5 Zi<j 054"]' (from I5|T—>ioo)

ST from FT: CE' = N(...)|pn, Cs:5=—=N(...[i,5]...)
Can get Z5 from BCJ numerators.
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Basic examples

o n =4 (weight 0)
ST from FT: Ty = N(1,2,3,4:0) = ts(f1, fo, f3, f4), f = ke j:[

e n=>5 (weight 1) 1 4
ST: Zs = 2n CL4, + ZKJ. Cs,ijg,g;)
FT: N(1,2,3,4,5 () = C20, — %ZM Cs.1j (from Ts|ri00)
ST from FT: C¥ = N(...)[n, Cs45=—=N(...[i,5]...)
1
J

Can get 75 from BCJ numerators.

In fact, up to 15!
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e oo b
e n =15 (weight 1)

2<i<j<5

monodromy invariant basis:

=2

1 .
15=N§Lp— NS([zvj])‘/llz,]a N(172737475;e) zNgEl-‘—i—_ N5([Z,]])
2

i<j

n
L, =2mil, + Z kj,ugf])- » Vi

= g1 + 1)

(1)
ij 91,

[Mafra, Schlotterer 17’-18’]

DAy
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Better worldsheet basis

e n=>5 (weight 1)

’ . " 1 .
I5:Né’LH_ Z N5([Z7‘7])V1\i,j7 N(1727374/57£):N£[H+§ZN5([Z7JD

2<i<j<5 i<j

monodromy invariant basis:

n
. 1 1 1 1
Ly =2mil, + Z kj,ugﬁ,} y Vijiyg o= 9§z) + gf,j) - 9§J)
j=2
[Mafra, Schlotterer 17°-18’]

o n =6 (weight 2)

To = N§"Reg[LuLs) — Y N ([i,j]) Regl Ly Vi)

2<i<j<6

E N(Hivﬂvkhg)vlli,j,k"i' § : N([ivj]z[kvlké)vl\i,j Vl\k,l )
2<i<j,k<6 2<i<;j<6
G2k 2<k<I<6,i<k

(w1) (w2) (wm)
i1i12 9121‘23 Y90

Reg]. . .] excludes closed cycles g
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Holomorphic Eisenstein series (n > 8)

o n =8 (weight 4)

Iy =N{"*°Reg[LuLuLoLol — Y N{([i,5]) Reg[Lu Ly LyViji ;]

2<i< <7

+ ... (lots of terms)

(2mi) Z N, p(2)...;0) Ea(T)

J’_
|
4 pES7T

o Eisenstein series G4(7) appears:
e in its own right, conveniently normalised:

_ GQk (T) T—100

2 (2k) !

gzk(T) :

o from regularisation Reg
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Holomorphic Eisenstein series (n > 8)

e n =8 (weight 4)

Is =N{"""Reg[L,L.L,Lo] — > NEP([i, j]) Reg[Lu Ly L, Vi 5]
2<i<j<T
+ ... (lots of terms)

27” ST N1 p(2). .50 Ealr)

pEST

o Eisenstein series G4(7) appears:

o in its own right, conveniently normalised:

Gor(T) 7—ico

2C(2K) !

Eor(T) :=

o from regularisation Reg

Coefficients of basis elements &, (7) Reg[L... LV ... V] fixed by BCJ
numerators.
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Cusp basis elements (n > 16)

e n=16 (weight 12)
Ty =NIg " 2Reg[ Ly, ... Lu,] + ... (lots of terms)
+ Ci6,E15E12(7) + Cr6,aA(T)
e SL(2,Z) modular forms at weight 12 spanned by:

_ Gia(7) T, 1, Alr):= (217;)3 [(54(7_))3 _ (56(7_))2] Torice, o

(1) = 50y

e Kinematic coefficients fixed by field-theory limit?

_ (2m)*? M
Croc =T 2 N<1””*E>
PES1L

o Cig,a ? Cusp basis elements unfixed.
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New “Go9 identities” in field theory (n > 6)

on==6 (weight 2)
Recall
Ts = N{"Reg[L,L,)— > N{([i,j]) Reg[ Ly Vi i) +

2<i<j<6

o Curious: piece ) g N(p:!)|e=0 unconstrained by BCJ relations, but follows

from string theory.
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New “G3 identities” in field theory (n > 6)

en==06 (weight 2)
Recall
Ts = N{"Reg[L,L,) — > N{([i,j]) Reg[ Ly Vi i) +

2<i<j<6

Curious: piece > s N(p;{)|i—o unconstrained by BCJ relations, but follows

from string theory.

e (2(7) is quasi-modular: GgK(ZTTiZ) = (et + d)**Gax (1) — c2:jr§5K71

e Absence of G2(7) constrains BCJ numerators:

L v
Cocy =0 = 6,ZN,;, e=o = 75 V¢ kakw
PESs

o Check on explicit 6—pt numerators. [Edison, He, Johansson, Schlotterer, Teng, Zhang 22’]

Reduce number of undetermined coefficients in 7-pt numerators.
[EHJSTZ, 22’] [private comm. w/ He, Jing, Teng, Zhang]
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New “G3 identities” in field theory (n > 6)

en==6 (weight 2)
Recall
Ts = Ni"Reg[L.L) — D> NE(li,j]) Reg[ Ly Vi ] +

2<i<j<6

Curious: piece > g N(p;{)|i—o unconstrained by BCJ relations, but follows

from string theory.

e G2(7) is quasi-modular: GQK(Z::::Z) — (7 + )X Gax (1) — 3:1;5&1

e Absence of G2(7) constrains BCJ numerators:

1 v
Coa, =0 = & > N(piO)le=o = —N“ kakw

" pESs

Check on explicit 6-pt numerators. [Edison, He, Johansson, Schlotterer, Teng, Zhang 22’]

@ Reduce number of undetermined coefficients in 7-pt numerators.
[EHJSTZ, 22’] [private comm. w/ He, Jing, Teng, Zhang]

Loop integrand of maximal SYM/SUGRA (partially) constrained by
string modularity .
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Conclusion

Constructed basis for 1-loop superstring correlators.

o Kinematic coefficients in this basis are

o pieces of BCJ numerators, for non-cusp basis elements,

o unfixed, for cusp basis elements (n > 16):
Do they vanish? Is string theory an o'-dressing of field theory?

Higher loops? [D’Hoker, Schlotterer, 25']
o New “G2 constraints” on BCJ numerators: Field-theory interpretation?

e Double COpy? [Stieberger’s talk]
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Thank youl
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